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Abstract

The paper presents various formulations of characteristics-based schemes in the framework of the artificial-
compressibility method for variable-density incompressible flows. In contrast to constant-density incompressible flows,
where the characteristics-based variables reconstruction leads to a single formulation, in the case of variable density
flows three different schemes can be obtained henceforth labeled as: transport, conservative and hybrid schemes. The
conservative scheme results in pseudo-compressibility terms in the (multi-species) density reconstruction. It is shown
that in the limit of constant density, the transport scheme becomes the (original) characteristics-based scheme for incom-
pressible flows, but the conservative and hybrid schemes lead to a new characteristics-based variant for constant density
flows. The characteristics-based schemes are combined with second and third-order interpolation for increasing the
computational accuracy locally at the cell faces of the control volume. Numerical experiments for constant density flows
reveal that all the characteristics-based schemes result in the same flow solution, but they exhibit different convergence
behavior. The multigrid implementation and numerical studies for variable density flows are presented in Part II of this
study.
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1. Introduction

The development of advanced computational models for variable density flows is motivated by several
application problems including chemical reactors [1,2]; multi-material mixing [3-5]; environmental flows
[6]; combustion engineering [7]; biological flow and mass transport [8]; highly stratified flows [9]; interfaces
between fluid of different density [10]; inertial confinement fusion [11]; and problems in astrophysics [12].
Depending on the application, variable density flows can feature low or high speeds, a range of spatial
and time scales as well as large density and temperature gradients, which in association with fast chemical
reaction rates can result in stiff numerical solutions and slow convergence rates.

Another area of variable density flows is that of incompressible fluids with large (discontinuous) density
variations (interfaces). Water/air free surface flow is a classical example, e.g., a water drop falling into a
pool of water. Other important examples are the filling of a cast metal mold with a molten metal alloy;
the production and transport of micron-sized ink drops during inkjet printer operation; as well as environ-
mental and combustion problems. Although the present paper is not concerned with discontinuous inter-
faces, for completeness we mention that the variable density formulations and algorithms used in the above
problems should be combined with special interface techniques such as volume tracking methods. These
methods have spawned a plethora of papers including an important review [13] and extensive reference
in textbooks [14], and continued development in ever more complex computational geometries. In addition
to the interface tracking approach [13,15], other approaches include utilization of interface-capturing
schemes (see, e.g., [16]) and hybrid approaches, e.g., [17,18].

A class of computational approaches that is frequently used for variable density problems is the pres-
sure-projection method [19]. Bell and Marcus [20] and later on Almgren et al. [21,22] have developed sec-
ond-order projection algorithms for variable-density incompressible flows. An extensive discussion of
robust fractional-step projection methods for variable density flows can be found in [23]. A recent review
of approximate and exact projection methods can also be found in [14]. Pressure-projection based methods
have also been used in conjunction with finite-element schemes, see e.g. [24,25]; in the latter an uncondition-
ally stable method was developed based on two projections per time step and its performance was investi-
gated both in finite volume and finite-element implementations.

Another family of methods for solving incompressible flows is based on the artificial compressibility
formulation of Chorin [26]. The artificial compressibility approach circumvents the difficulty of the pres-
sure decoupling in the incompressible Navier—Stokes equations by adding a pseudo-time pressure deriv-
ative to the continuity equation. The new system of equations can then be iterated in pseudo-time until
the divergence-free flow field is satisfied. The method can be used both for steady and unsteady flows
and there are a number of papers in the literature describing implicit and explicit strategies for solving
steady and unsteady flow problems in conjunction with the artificial compressibility [14,27-38]. The
artificial compressibility method leads to hyperbolic and hyperbolic-parabolic equations for inviscid
and viscous incompressible (constant density) flows, respectively. The discretization schemes and solvers
developed for artificial compressibility have many similarities with the methods developed for compress-
ible flows. Therefore, numerical developments for compressible flows can be transferred to incompress-
ible flows.

Although the artificial compressibility has been used extensively for constant density flows, the develop-
ment of numerical schemes in the framework of artificial compressibility for variable, density incompress-
ible flows has received scant attention in the literature. Riedel [39] used artificial compressibility
formulation to construct an unstructured finite volume method for the solution of 2-D steady viscous,
incompressible, reacting flows, while Pan and Chang [40] developed a surface-capturing total variation
diminishing (TVD) method with slope modification for multi-fluid incompressible Navier—Stokes formula-
tion. Finally, Quian et al. [41] developed interface-capturing high-resolution Godunov-type scheme for
hydraulic flow problems.
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The aim of the present work is to develop high-resolution, characteristics-based schemes, in conjunction
with the artificial compressibility approach for variable-density incompressible flows. High-resolution
methods have attracted the interest of researchers in a broad range of application problems. A detailed
account of the theory, numerical design practices and computational implementation of high-resolution
methods for incompressible and low-speed flows can be found in [14]. These methods can provide high spa-
tial accuracy and accurate representation of the flow physics, thus allowing accurate solutions to be
obtained on moderate grids. The origin of the characteristics-based schemes derived here can be found
in previous works dealt with compressible [42] and incompressible (constant density) flows [14,36]. Using
the artificial compressibility framework, in the present paper we derive characteristics-based schemes for
variable-density, multi-species flows.

In Part I, we present the derivation of characteristics-based schemes and assess the accuracy and effi-
ciency of these schemes in the limit of constant-density incompressible flows. The implementation of the
schemes in conjunction with multigrid acceleration techniques and numerical studies that assess the accu-
racy and efficiency of the schemes in variable density flows, are presented in Part II of this study.

2. Problem formulation

Constant density incompressible flows are governed by the continuity and momentum equations
[14,43,44]:

Vi =0, (1)
% (@ V)i = —Lvp s v 2)
” u U= . D u.

In the above equations, i is the velocity vector with components (u, v, w) for the three Cartesian directions
(x,y,z), respectively; p is the fluid density; p is the pressure; and v denotes viscosity.

For incompressible flows, the decoupling between continuity and momentum equations is due to the
absence of the pressure from the former. This can be circumvented by using the artificial approach of
Chorin [26], which introduces a pseudo-time pressure derivative in the continuity equation (z is the pseudo-
time),

_P L v.i=o, (3)

where f is the artificial compressibility parameter that needs to be properly chosen in order to achieve
numerical convergence. For steady state problems, (3) is solved along with the momentum equations until
the pseudo-time pressure derivative vanishes. For unsteady problems a similar procedure is applied and this
is discussed below.

For multispecies flows, (2) needs to be written in a form that takes into account the varying local
viscosity, vj. Moreover, the equations can become dimensionless by introducing the local Reynolds number
Rey = UyLlv,, where U, and L denote reference values for the velocity and spatial dimension, respectively,
while v, is the local kinematic viscosity. One can also introduce a reference (constant) viscosity v and define
the corresponding Reynolds number, based on vg, as Re = Repvi/vy. The dimensionless form of (2) is then
given by

Oul

1 1 _,
i Vi=—= — V% 4
6t+(u V)i Vp + u 4)

Rel
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Calculation of the local viscosity for a mixture of fluids may be not a trivial problem. For immiscible fluids,
calculation of the local fluid properties is reduced to the determination of the interface position, which is
equivalent to the solution of convection equations for fluid properties [17,45]. However, for miscible fluids
local fluid properties should be computed using approximate methods (see, e.g., [46]). Alternatively, the
local viscosity can be determined by a volume weighted average [47] and this is the approach followed here.

In addition to the basic fluid flow equations, for multi-species flow problems advection-diffusion equa-
tions are added to the system for tracing species propagation. The advection-diffusion equations can be
casted in terms of molecular concentrations, mass fractions, mole fractions, etc. The choice of formulation
depends on which representation is more convenient for each particular problem. In the present paper, we
have chosen to cast the equations in terms of partial densities, p;. For a flow containing NN species, the total
density is defined by the sum of partial densities p = Xp; (i = 1, N). The advection-diffusion equations for
species transport are given by

dp, 1 — P
‘+(@-V)p,==—V"- DiipV—|. 5
2@ = v (5 oo g

In the above equation, Pe = UyL/D and D} = D};" /D stand for the Peclet number and the normalized multi-
component diffusion coefficients, respectively, where D is a reference diffusion coefficient and DJ* are the
elements of the dimensional, multicomponent N x N diffusion matrix. In pure diffusion problems the equa-
tions for species transport (5) should be solved for all species [45]. When the flow equations are solved
simultaneously with the advection-diffusion equations for species transport, it is more convenient to solve
the advection equation for the total density of the flow. Because in this case the system of equations
becomes overdefined — the equation for total density can be obtained as a sum of equations for partial den-
sities — the system for species transport can be reduced to (N — 1) equations for partial densities p;, i.e.

L (ii - V)p =0,

N-1
G+ V)p, =gV (;DIWV%’)’ *
i= 1, N — 17

where Dj; are the elements of the reduced (N — 1) x (N — 1) matrix [48]. Generally, there is not a broadly
established definition or solution for multi-component and reduced diffusion matrices apart from the
dilute-gas limit [49]. In this paper, the reduced diffusion matrix is considered to be known. For a steady-
state flow problem the equations to be solved are (2), (3) and (6). The artificial compressibility approach
can also be used for time-dependent flow problems using the dual-time stepping technique [30,32], which
results in adding a pseudo-time derivative in the momentum equations as well. For the variable-density flow
case, pseudo-time density derivatives also need to be added to the species transport equations, thus yielding
the following system of equations

j=3

= U (@ V)i+LVp— L Vi),

ot Rey
E=-%-@ Yy, ™)

o
>

o))

N-1
- _%_<(ﬁ'v)pi_%ev'(;Dlipv%))

At each real time step, ¢, the solution of (7) is obtained by iterating in pseudo-time t until convergence is
achieved within a prescribed convergence tolerance; thus driving the pseudo-time derivatives to zero and
satisfying the incompressibility (divergence free) condition at each real time step.
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We write the system (7) in conservative form for the vector of unknown variables U = (p/, pu, pv, pw, p, p2) "
and introduce the inviscid (E;,Fi%, Gi°) and viscous (Ev¢, Fy©, Gy°) flux vectors for Cartesian coordinates
(x,»,2):

OU_ _oU, K, OFy 0G, 0K OF_0G; 5
ot ot Ox Jy 0z ox dy oz’

where U, = (0, pu, pv, pw, p, pr)" and the inviscid and viscous fluxes are given by
E; = (u, pu* + p, puv, puw, pu, p,u)T,
F = (v, puv, pv* + p, pow, pv, piv)", )
G = (w, puw, pow, pw* + p, pw, pw)"

and

T
E¢ = o1/p
Ey = (0 Texs Tays Tazs 0 7p( Z Dy;p o )

-~ T
Fgl = (Oafyxaf){vafyzaoa}le ZDlipapa/(p) ) (10)
=1 l

RS o/ !

c opi/p

Gv - Ovrzxurzyvfzzaoaﬁ Z sz oz )
I=1

respectively, where 7; stand for the components of the viscous stress tensor. Let us consider an arbitrary

curvilinear system (f(x, »,2), n(x,»,2), {(x,y,z)) where the Jacobian of the transformation is given by

J= (a((z’yi Z‘ The system of (8) can be written in curvilinear coordinates (see, for example, [14]) as

VU _ WU, 3By Oy 3Gy 0 OF_9G )
ot ot o0& on o o¢&  On o -

The inviscid, (E, Fy, Gy), and viscous, (Ey,Fy, Gy), fluxes can be written in curvilinear coordinates as

( Té Fc [il4 + G; %) ’

—J(B2+R2+GY),

(E x +F§§;+G§§§)7

J
J( ccc Fc 6g+Gc 6§>’
J

(12)

Voy V oz
c On o c Oy
(Eva R+ GLY),

Gy = (E“V LR G as)

Using the above notation, in the next section we present the derivation of characteristics-based schemes for
variable-density incompressible flows.

3. Characteristics-based schemes

Both the advective and viscous fluxes are discretized on the cell centres using the intercell values (Fig. 1),
e.g.,
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z

Fig. 1. Computational cell notation.

OE; (El)i-%—%,j.k - (El)i—%,j,k (13)
oF A& )

Let us consider (11) retaining only the inviscid part of the operator and omitting the derivative in real time.

The latter can be treated as a source term without affecting the derivation of the characteristics-based
scheme. Then (11) is written

1oz

o ot Tt T o T o¢ + on
o (B + RS+ GiY)
o

_J@_U+ %GEE+%6F° 0¢ 0G; ey n OE; 617 OF; | 9y 0Gy
ot Ox o 0y 0¢& &z o ox on ay onp 0z On

c o¢ ca coé ¢ Oy c@ cd
JU oF oF 0G, oju (En st Fg G aﬁ) oJ (En atFg+G ”)

+

Oon OES Oy OF  on 0GY\ . o¢ o\ o[ o
+J(§6nl+@6nl+ﬁz @n)+E< o) " _< >+6_C<Ja>>
c o¢ on
+F(a§( )*6 (J ) <

. oc on aC
il (02) o ) e (v2)) 14

where the brackets in the last three terms are zero (this can be shown by substituting the expression for the
Jacobian into the brackets and performing differentiation). We consider the one-dimensional counterpart of
(14), with respect to the ¢-direction (for non-moving grids),

oU 00K ¢ OFS OF0GE
it Tyoe T (15)

0z

divide by \/ &) 4 (%)2 + (£)? and introduce the notation
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S EEEEE)

and k = 1 g;, where k = x,y,z. Eq. (15) can then be written as a system of equations

~6u 0
/;LarJr angyaéJrZ =0,

% a(apTu) +)~Cﬁ(pu +p) +y pw +2a(‘é‘:}”) =0,

% a(a;;Tv) +)~Ca(ggv) _’_ya(pg +p) + Za(,ayzw) — 0,

L a(grw’) +)~C"(/géw} i a(gz»t) 1330 0, (17)
1% 4 3200 4 5% 4 3300 = 0,

1% 4 3% 4 5% 4 3800 =,

Egs. (17) do not correspond to the system comprising of (1), (4) and (6) or (7) based on the artificial com-
pressibility formulation — unless we apply the divergence-free condition. For example, applying the diver-
gence-free condition to the density equations, we obtain the non-conservative form

1L+ (ux+ oy +n2)E =0,
%;i+(ux+vy+wz)ai:0, (18)

i=1, N—1,

which represents advection of density along streamlines. Eqgs. (17) contain ‘non-physical’ terms that are
divergence-velocity dependent and arise from the implementation of the artificial compressibility
approach, while Egs. (18) correspond to (6) or (7) after implementing artificial-compressibility. Through
proper combinations of (17) and (18), one can derive three different formulations for Egs. (17), which
in turn lead to different characteristics-based discretizations as we will present later. The three formu-
lations are:

Transport formulation: The equations for densities are written as advection equations in non-conserva-
tive form (18) and these are, subsequently, used to eliminate the total density from the momentum
equations (17).

Hybrid formulation: The conservative equation for the total density is used to eliminate density from the
momentum equations in (17). The latter are solved in conjunction with advection equations for species
transport (18).

Conservative formulation: Eqs. (17) are solved without taking into account (18).

The above three formulations converge to the same system of equations as the divergence of velocity

tends to zero, but they yield different characteristics-based (CB) schemes. The derivation of these schemes
is discussed below.

3.1. Transport CB scheme

The transport formulation leads to the following non-conservative system of equations:



E. Shapiro, D. Drikakis | Journal of Computational Physics 210 (2005) 584-607 591
1 9p ~u v = aw —
pL ,1+x8g+y6g+ 07

(X + oy +w2) P+ FE+IE+2)u u+123 =0,

=}

+ p o
TS (uE oy +wz) G (RS +1%5 -9
L ot a3 3¢ o p o ’
%%—W—l-(ux+vy—|—wz)aw+(xac+ya§+zaé) +%a_€2:07 (19)
Jr

et (o +n2)E=0,

L8 (uk + op + wE) % =0,

i=1, N—1

Introducing the vector of non-conservative variables, U™ = (£ bou,0,w, p, p; ;), (19) can be written in a matrix
form

1 nc nc
ou A ou

Z = 2
7 o + o 0, (20)
where A, (4 + N) X (4 + N), is given by
0 px By pz 0 0 0
%i Ao + ux uy uz 0 0 0
%j} VX% Ao + v vz 0 0 0
A= %Z wx wy A+wz 0 0 0 1)
0 0 0 0 J 0 ol
0 0 0 0 0 o 0
0 0 0 0 0 0 ... X

with the columns and rows from 6 to N + 4 corresponding to the species densities.
The matrix A has the following distinct eigenvalues: N + 2 eigenvalues Ay = ux + vy + wz and the

eigenvalues 1; = 4o + 5 and 4, = Jg — 5, where s = / i(z) + f/p is the artificial speed of sound. Our objec-
tive is to derive solutions for the primitive variables along the characteristics /=0, 1,2. Defining the
characteristic directions by % = Af’ =X \/{f + fﬁ + cff, the pseudo-time derivatives in (19) can be dis-
cretized as follows

af(faé) gf(f"i_Afaé) _f<ra(>r) _f(T+ATa‘£) _f<1-,(:1> “rf(T’él) _f(T>€)

ot At - At At
G AO —f(5E) AE f(5E) — f(58)
N At At A&

S+ AL - f(né) &) -fd), 22, 2
- At - AZ et

f(HAT,i)T flé) )L R frf o, g+o+e, (22)

where f = flt+ Az, &) and f=£(z,&) (see Fig. 2). Using (22), (19) is written:

1%
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T+AT

AT

&

i1 AE i i+1

Fig. 2. Schematic of characteristics-based discretization.

,}Lp;f—/—;pc-i-x +ya”+z =0,

LM (Jg— )%+ G+ 2 +22u+1 25 =0,

Pt (o= DE+ FR+IE+ I+ EF =0,

Pt (Jo — A)a—W+(xgg+yg—g+zg—g)w+/_gg_§g:o, (23)
%7”’+(/10—))—§ 0,

PRI 4 (Jo = 2) =0,

i=1, N—-1.

To eliminate the spatial derivatives from (23) we make use of the idea presented in the book of Courant and
Hilbert [50] regarding elimination of unknowns in a system of linear equations, known as Riemann method.
According to [50], one can multiply each from the equations in (23) with arbitrary coefficients (a, b, ¢, d, e, f;,

=1,N — 1), sum up the equations, group the multipliers of spatial derivatives and set them equal to zero,
thus yielding the following system of equations:

N-1

3P = pi) + bl — ) + (b —vr) +d(W = wi) +e(p = pi) + 2 filhi = pu) =0,
a%l,—l—bfc—l—cj/—&—dE:O,
ax + b(Ao — Ay + ux) + cvX + dwx = 0,

&+ bup + c(Jo — 74 + vF) + dwi = 0, (24)
az 4+ buz +cvz+d(lg— 2 +wz) =0,

e(lo—2) =0,

fildo = 41) =0,

i=1, N—-1,

where the subscript / stands for the characteristics. For A = 4y, (24) yields

N-1

7P = po) + b(i = wo) + ¢(® = vo) +d(W = wo) +e(p = po) + 2 filp; = ) =0,

—a%/10+b5c+cjz+d2:0,

a+bu+cvo+dw=0, (25)
e-0=0,
fl():()a

i=1, N—1,
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The coefficients e and f; can take any values that satisfy the last two equations in (25) and Vi. Thus, from the
first equation in the above system we obtain p = pg and p; = p,0. Taking into account that 1y corresponds to
a streamline, we can write that Xvy — yuy = Zuy — Xwy = 0, i.e., vorticity is zero along the streamline. The
above yields the following system

(ﬁ — U()))z — (u — u())j/ = O7
(Ww—wp)x — (u—up)z =0,

p—po=0, (26)
Pi pi0*07
i=1, N-1

For A=A, =9+ s it follows from the last two equations of (24) that e =f; =0, thus the system is
written as:

P —p) 20— ) + 50— vr) +4 (0 —w) =0,
—af(d+s)+bx+cy+dz=0,
ax + b(—s + ux) + cvx + dwx = 0, (27)
ay + buy + c¢(—s +vy) + dwy =0,
az + buz + cvz + d(—s +wz) = 0.
This system is essentially the same as for the incompressible (constant density) flow [14,36] and its solution
for p is given by
p=pi = pAafx( —uy) + 3 —v1) + 200 — wy)]. (28)
Similarly, for A = 4; = Jg + s one obtains:
P =D, — prafx(it — uz) + (T — v2) + Z(W — wa)]. (29)

The solution of the system (26), (28) and (29) yields the following formulas for the reconstructed (tilde)
variables:

P =3 (Jipy — 2apy — BRI — Ry)),

= u —i—ﬁR\;7

5:U0+%R3,

W =wo + 55 Rs, (30)
P = Po,

Pi = Pios

i=1, N-1.

In (30) we have introduced the auxiliary functions R;, R, and R3, which are given by

R1 = )hé(uo — ul) +)~/(Uo — Ul) +2(W0 — Wl),
Ry = &(ug — us) + 5(vg — v2) + 2w — wa), (31)
Ry = py — p, + 72pRy — Z1pR,.
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In the limit of constant-density flow, the eigenvalues and the reconstruction formulas for the transport

CB scheme (30) correspond to the formulas obtained for incompressible, constant-density flows
[14,36].

3.2. Hybrid CB scheme

The hybrid formulation leads to the following system of equations (with respect to the flux E;):

JERY R =0
%3—‘;+(ux+vy+wz)5+%r’:)?20,
%%+(ux+vj}+wz)g—z+%g—/g =0,
P (oD 2+ L2 0, (2
%2—‘1’—4—(ux—{—vj/—i—wz)ag 0,
%aai—&—(ux—l—vy—&—wz)%i 0,
i=1, N—1,
The system (32) can be written in the matrix form (20), where A, (4 + N) x (4 + N), is given by:
0 px py pz 0 0 ... O
%Sc b 0 0 0 0 0
%j/ 0 % 0 0 0 0
A /—1)2 0 0 4 0 0 0 (33)
0 0 0 0 4 O 0
0 0 0 0 0 X 0
0 0 0 0 0 . ... A

The matrix A has N + 2 eigenvalues /o and the eigenvalues 4y = (1o + 5)/2, A, = (A9 — 5)/2, where the artifi-

cial speed of sound is given by s = ,Mé + 4/5. Application of the Riemann method for the system (32)
yields,

ah (b= p)+ bl — ) + (6 — 1) + (0 — i) + €l = p)) + 7~ i) =0

ai + bl — 1) =0,

ay +c(lg—4;) =0,

az+d(h— ) =0, (34)
e(lo—2) =0,

filko — 4) =0,

i=1, N—1,

where the subscript / stands for the characteristics. When A = 4y, (34) yields,
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N-1
a%(ﬁ—Pz)ﬂLb(ﬁ—uz)+C(5—vz)+d(VV—Wz)+e(/3—p;)+;ﬁ(ﬁi—i)ﬂ)ZO,
—a%io+b5c+cj/—&-a’2:07

ax =0,

ay =0, (35)
az =0,

e-0=0,

fi-0=0

i=1, N—l

Similarly to the transport scheme, in the present case p = p, and p; = p,,. Also (35) gives a = 0, thus from
the second equation of the above system we obtain b = —(cj 4 dz) /%. Substituting the results into the first
equation, consolidating the coefficients and setting their multipliers equal to zero, we obtain:

{(E—Uo))NC— (17!—1/{(])5/:0, (36)
(VNV—W()))NC— (17!—140)220
When 4 =/ = (4o *+ 5)/2, one obtains 1o — 41 = A, and
N-I
G0 —=p1) +bu—u)+c(@—v)+dWw—w)+elp—p)+ ;ﬁ(ﬁi—pn) =0,
—a%/ll +bx+cy+dz=0,
ai:—i—b/q :07
ap+ciy =0, (37)
a2+d)~2 :O,
6/12 :O7
fida =0,
i=1, N—1,
which yields ¢ = 0 and f; = 0, thus leading to the following system,
a%(ﬁ—pl)—l—b(z}—ul)—i—c(ﬁ—vl)—i—d(fv—wl) =0,
—a%il—l—bfc—kcj/—&—dézo,
—+a=b, (38)
—La=c,
2
—Za=d.

Substituting the expressions for the coefficients b, ¢ and d from the last three equations into the second
equation and taking into account that ¥* + 7% +2* = 1 and 2,4, = —f/p, we find that the second equation
in (38) becomes an identity. Substituting the expressions for the coefficients b, ¢ and d into the first equation
one obtains:

z

as (p ) — x(u—ul)—az(v—vl)—az(fv—wl):O, (39)

which ylelds that either we have a solution identical to zero for all the coefficients or
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- X Vo Z .
pp 2 w) -2 n) - E - —o. (40)
/12 Lo )Q
Since A4 = —g, the last equation can be written as
p—p+ px(i—u) + 2ipy(® —vr) + Apz(w —w;) = 0. (41)

Similarly, when 4 = 1, = (19 — s)/2 we obtain 1y — 4, = 4 and
D — Py + Apx(tt — up) + Aopy (D — v2) + AapZ(w — wy) = 0. (42)

Egs. (36), (41) and (42) lead to the following solution for the characteristics-based variables,

P =1(py — Jop; — BRI — Ry)),

u=uy+; Rs,

b= v +S%~R3, (43)
W= wy + ZR3,

P = Pos

Pi = Pio>

where the auxiliary functions R;, R, and Rj are defined by (31). Similarly to the transport scheme, in the
hybrid schemes the densities take the form of (passive) advected scalars. However, the eigenvalues as well
as the formulas for the characteristics-based pressure and velocities (tilde variables) are different.

3.3. Conservative CB scheme

We consider the system (17) and write it in the form

BL g;;_,_xau_i_yag_,_za_w_a

1oy (ux—i—vy—i—wz)a——&-,l]g—’gfc:O,

PEA (Wi oy ) LY =0, ”

Loy (ux+op+wz)2+122=0

L ot p 0o¢ ’

%%—&—(ux+vy+wz)—v+()~c%g+jza—§+2%)p:0,

I %+ (ux + vy + wz) Py (Xac —l—j/gé +Ea")pl =0.

The system (44) can be written in the matrix form of (20), where A, (4 + N) x (4 + N), is given by:
0 px by pz 0 0 0
%Sc Ao 0 0 0 0 0
ij/ 0 Ao 0 0 0 0
1s
A | o2 0 0 2o 0 O 0 (45)

0 xp yp zp  Jo O 0
0 Xxp ypi zp, 0 4 0

0 Xpyo1 Voyo Zevr 0 0 o A
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The columns and rows 6 to N + 4 correspond to the species densities. The matrix A has N + 2 eigenvalues
Ao = uX + vy + wz, and the eigenvalues 1y = 1/2(1g + s) and 1, = 1/2(1g — ), where s = 4 /)v(z) + 4% is the arti-

ficial speed of sound.
Applying the Riemann method [50] for the system (44) we obtain

§(p—p) +bla—uw)+c®—v)+dw—w)+elp—p) +]§lﬁ(ﬁi —pu) =0,

a%il+b5c+cj/+d2:0,
X N-1

ax +b(o— ) +epx+ Y. fipx=0
i=1

N-1
ay +c(io — 1) +epy + > fipiy =0, (46)
i=1
N-1
az+d(lg—A)+epz+ > fipz=0
i=1
6(/1() — /l]) = 0,
fi(do—241) =0,
i=1, N—1,
where the subscript / stands for the characteristics. For A = 4, (46) yields
~ ~ ~ ~ ~ N71 ~
5P —po) + bit — ug) + c(v — vo) +d(W — wo) + e(p — po) + 2.fi(p,- — Po) =0,
—aflo+bx+cy+dz=0,
N-1
ax+epx+ > fipx=0
~ ~ N71 ~
@y +epy+ 3 fipy =0, (47)
N—-1
az+epz+ ). fipz=0
i=1
e-0=0,
ﬁ 0= 07
i=1, N-1
From the above system we obtain
B
a=—(bx+cy+dz) (48)
Zop
and
R
:—a——Zf bx+cy+dz Zf,;‘ (49)

i=1

Substituting the formulas for ¢ and e into the first equation of the system (47), we obtain:
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(05— 0550 0 4 =) o4 (=P = Sosrp = o)+ = ) )
+ (05— 00+ =) )+ (00 2= 0)) =0 (30

For a non-trivial solution of (50), the terms in the brackets should be zero, thus

(ﬁ*l’o)x ﬂ(ﬂ Po x + (u _ uO) — O

op Z0p?

(B=po) 7,

T iy + (=) = 0,

({’;0:;0)2 ﬁ(f pﬂo) + (W —wp) =0, (51)
(i = Pio) = &(p = poy) =0,

i=1, N—1.

For A= A, = (4o + 5)/2 one can write 4o — A; = 4. This yields,

N-1

§P = pi) bl =) +e(®—v) +d(W=wi) +e(p = pi) + 2 /(P = pa) =0,

—a%il +bi+cy+dz=0,

N-1
ax + bl +epx+ > fipx =0,
=1

N-1

ay+cly+epy+ Y fipy =0, (52)

i=1
N-
az+dhy+epz+ Y. fipz=0

i=

e;q:(),
ﬁ;LZ:Oa
i=1, N—-1.

From the last two equations, we obtain ¢ = 0 and f; = 0, thus yielding:

a%(ﬁ—pl)—&—b(it—u])—&—c(f)—vl)—l—d(fv—wl):O,
—afly +bx+cy+dz=0,

—ya=>b, (53)
—%a =c,
—ga=d.

Multiplying the last three equations by ¥, 7 and Z, respectively, and taking into account that ¥* + j* + 2> = 1
and A4/, = —g, the second equation in (53) becomes an identity. Substituting the formulas for the coeffi-

cients b, ¢ and d into the first equation of (53) we obtain

(<p p) = =) =L - w) - - wo):o, (54)

which yields that either we have a solution identical to zero for all the coefficients or
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@ p1) = (=) = (0 o) = (=) = 0. (55)
Because /)4, = ﬁ , (55) can be written as
(]3—171)"'11/)( (it —uy) =30 —v1) —2(w —wy)) = 0. (56)
Similarly, when 4= 4, = (49 — 5)/2 and 4y — 4, = 4;, we obtain
(P —p2) + 2p(X(tt — u2) = (0 —v2) = Z(W — w»)) = 0. (57)

The solution of (51), (56) and (57) yields the following formulas for the characteristics-based variables,

p= L(py = 2ap) — B(R1 — Ry)),

= Uy + Y/’R37
U= g +$Rz7
W=+ SipR37 (58)

ﬁzpo+%(P_Po+%R3)a
pi=po+5%(p—p+2Rs),

where the auxiliary functions R;, R, and Rj are defined by (31). The eigenvalues obtained for the con-
servative scheme are the same with those obtained for the hybrid scheme; these correspond to the eigen-
values obtained by other researchers for variable density flow equations [39,41,51]. The formulas for
pressure and velocities are the same with those obtained for the hybrid scheme. The density formulas
for the three schemes are different: compare the last two equations in (30), (43) and (58). For the
conservative scheme the density formulas include a pseudo-compressibility term. Numerical experiments
presented in Part II of this study reveal that the addition of the pseudo-compressibility term increases the
speed of propagation of density disturbances, which in turn leads to faster convergence both in steady
and time-dependent flows.

3.4. Intercell variables interpolation

For the calculation of the characteristics flow variables V, = (p;,u;, v, wy, py, i, )T (1=0,1,2), at the cell
faces we employ Godunov-type discretization. Note that 4; and 4, are always positive and negative, respec-
tively, thus obtaining

Vo = ¥ ign(z) Yt
Vl = VL7 (59)
V2 = VR;
where sign(4g) = 1 or —1 for o > 0 and 4y < 0, respectively. The variables with indices ‘L’ and ‘R’ denote left
and right states of intercell values that are calculated by polynomial interpolation.

Different versions of first, second and higher-order interpolation schemes can be found in [14]. In Appen-
dix A we present the derivation of different orders of interpolation including first-order,

Vijr2 =V Verjr2 = Vi, (60)

second-order

VL/+1/2— V / 1 (61)
VR‘/+1/2 - V/+1 V/+27
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and third-order,

Vijrip = %Vj - éijl + %V/‘H’ (62)
Vit = ¢ Vi = Vi +3V5

For problems encompassing sharp interfaces such as Rayleigh-Taylor instabilities, flux limiting versions
of the intercell interpolation can be employed. For further discussion on flux limiters we refer the reader
to [14]. Finally, we mention that the viscous fluxes in (11) are discretized by second-order central
differences.

3.5. Summary of advective flux calculation
The numerical steps for the calculation of the advective flux are summarized below:

Step 1: Calculate the eigenvalues 4, for /= 0,1,2 using the velocities u, v and w from the previous time
step.

Step 2: Use (59) in conjunction with first, second or third-order interpolation to calculate the left and
right states of the characteristics variables. For each eigenvalue, we calculate one set of primitive vari-
ables along the characteristics.

Step 3: Use formulas (30), (43) or (58) — depending on the choice of the scheme — to calculate the recon-
structed characteristics-based variables.

Step 4: Use the characteristics-based (tilde) variables to calculate the advective flux at the cell faces of
the control volume.

The above four steps are performed for the calculation of the advective fluxes in &, # and { directions.
Then, the discretized flux derivatives are added (including the viscous fluxes in the case of the Navier—
Stokes equations) and the system of equations is iterated in time using a time integration scheme. In this
study, we use a fourth-order Runge-Kutta scheme which is presented in Section 4.

4. Time integration

The system of equations is solved in pseudo-time for each real-time step. This is achieved by using a
fourth-order Runge-Kutta scheme [56] in conjunction with a nonlinear multigrid method [55]. The
fourth-order Runge—Kutta scheme is written as

Ul = Um
A
U,=U, — {RHS(Ul),
Us=U, — %RHS(UZ), (63)
U4 = Uﬂ — ATRHS(U}),
At

Uyt = U, = = (RHS(U)) + 2RHS(U;) + 2RHS(Us) + RHS(Uy)),

where RHS represents the right-hand side of the Navier—Stokes operator in (11). The time step on each
Runge—Kutta iteration is locally defined according to the convergence requirements of the advective part
of the Navier—Stokes equations. However, for flows at low Reynolds or Peclet numbers the pseudo-time
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step should be restricted for stability purposes. Therefore, it is defined locally according to the convergence
requirements of inviscid, viscous and diffusion parts of the Navier—Stokes equations:

— : inv vis diff

At;;x = min (Arw.’k, ATy Afi,j,k)a

i FLiuw
A,L.an — C = 1nv _

ik (maxp— 16 { (141|122 )i s (64)
Agiis . CFLyRe

ik = d(max,—123(dn)); 4 0

diff __ CFLyjsPe
Afi«jk T d(max,—123(d)); 0

where d/, denotes the computational cell dimension in the three directions n = &,#,{ and m stands for the
index of the cell face.
5. Constant density limit

In this section, we examine (30), (43) and (58) in the limit of constant-density incompressible flows. We
remind that the formulas for constant-density, incompressible flow [14,36] are given by

p 5; (Aiky — Jaky)
O | # | 2| BE+uwl” +2) — vy — woiz (65)
P Ry + vo(&% + 22) — wozp — ey |
W Rz + wo (37 + ¥%) — voZp — uoiz
where
1 8 , 8 =)
R= 27S h)l — D> +x(}~1u1 — /Lzuz) +y(111)1 — »21)2) +Z(/L1W1 — )QWQ)], (66)
k1 =D + )vl (ulfc + Ulj/ + le), (67)
k2 = D> + )Q(uz)NC + 02)7 + sz) (68)

We consider first the transport CB scheme. Setting density equal to one,' the formula (30) and the corre-
sponding eigenvalues are written as

P =13 (Apy — Zapy — B(R1 — Ry)),
u=uy+ 3 Rs,
U =1 +%R3, (69)

w:wo—|—2iR3,

Y

Jo12 = 20,20 £ 1/ 7g + B

Using 4,4, = —f, we can modify the formula for pressure as follows:

1 Mir - 5
p= Z(ilpz — Jopy) + %(X(uz — ) + P(v2 — v1) +Z(wa — w1))
1 . L , 5 o
= Z(/ﬁ(ﬁz + Aa(Xuy + Jvy +Zwy)) — Aa(py + 41 (Fuy + Jvy +2wy))), (70)

! Always working with dimensionless variables, thus for constant density flows the dimensionless density would be equal to one.
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which is exactly the same as for the incompressible, constant-density case [14,36]. Similarly, for the u veloc-
ity we obtain

u:uo+ﬂv+%@b—zggw+y%+iw@ZXR—(1+#ﬁm—xwo—ﬁwo
=R + (37 + 2)up — Xpvo — X2wy, (71)

where the auxiliary function R is given by (66). Eq. (71) is the same as for the incompressible, constant-
density case (65). The results for the other two velocity components can be obtained in a similar fashion.
In the constant density limit the characteristics-based solutions for the hybrid (43) and conservative (58) CB
schemes become identical, therefore, it is sufficient to present the analysis only for one of these formulations.
Let us consider the variables for the conservative CB scheme (58) and set density equal to one in the for-
mulas for pressure, velocities and eigenvalues,

p=1(lpy — Jop; — BRI — Ry)),
i =uy+*R3,
A, (72)
W = vy + 2R3,
, doEN/2+4p
Gons = o, VAT

Defining 4] = 24y, 4; =2, and " = 48, (72) are written as

P= %(’qu — Japy —@(Rl —Rz)),
17{ = U +%R3’
A, (73)

w =1y + 5 Rs,

oy iy = Joy JoE£r[0+ B

where s = //g + " and /; , = /g & 5. The pressure and eigenvalues in (73) cannot be brought into the form
(65). Thus, (73) provides a new characteristics-based scheme for constant-density incompressible flows. At
this stage, it is interesting to examine the numerical behavior of the conservative and transport schemes for
constant-density incompressible flows. Computations were performed for the flow through a sudden expan-
sion—contraction. The problem has been previously studied both computationally and experimentally
[52,53]. Experiments [52] and previous simulations [53,54] have shown that depending on the Reynolds
number the flow through a sudden expansion—contraction may exhibit symmetric or asymmetric flow sep-
aration. We have carried out computations for two Reynolds numbers, Re = 30 and Re = 116 that corre-
spond to symmetric and asymmetric separation, respectively (Fig. 3). The computational grid contained
37 x 37 and 237 x 109 points in the small channels and main section, respectively. To measure the difference
in the results between the variants of the schemes, the maximum of the pressure difference, throughout the
flow field, pqir, was used

cons __ trans
Pij —Pij
trans
ij

Pt = H}"‘j‘.X x 100, (74)

where the ‘cons’ and ‘trans’ denote the conservative and transport variants; the latter is identical to the ori-
ginal characteristics-based scheme when the density is considered constant. The computations revealed that
the difference in the results between the conservative variant and the original constant-density version of the
scheme do not exceed 0.06% and 0.07% for symmetric and asymmetric cases, respectively.
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Fig. 3. Computational results for the flow through a sudden expansion—contraction (Re = 30) and (Re = 116). The differences in the
results between transport and conservative schemes do not exceed 0.07%. The hybrid and conservative schemes become identical for
constant density flows. (a) Re = 30, (b) Re = 116.

Table 1
Number of multigrid cycles required to achieve reduction of the residuals by four orders of magnitude for the computations of the
incompressible (constant-density) flow through a sudden expansion—contraction

Re =30 Re =116
Transport scheme 33 68
Hybrid/conservative scheme 26 49

However, the transport and conservative formulations exhibit some differences in the convergence.
Table 1 shows the number of multigrid cycles required to achieve four orders of magnitude reduction
of the residuals for the transport and conservative schemes.? This fact motivated a detailed investigation
of the multigrid convergence of characteristics-based schemes for variable-density incompressible flows
(see Part II of this study).

6. Conclusions

To date the artificial compressibility formulation has received scant attention in connection with the sim-
ulation of variable-density incompressible flows. In this paper, we presented the derivation of characteris-
tics-based schemes for variable-density incompressible flows in the framework of artificial-compressibility
formulation. We have shown that artificial compressibility results in three different numerical formulations,
which subsequently lead to three variants of characteristics-based schemes.

The transport scheme uses the divergence-free condition in the (total) density transport equation. The
conservative scheme uses the equations in a fully conservative form. In the Aybrid scheme the conservative
equation for the total density is used to eliminate the density variable from the momentum equations, while
similar to the transport variant, the divergence-free condition is employed to simplify the species transport
equations. The above formulations result in different characteristics-based schemes. With regard to the den-
sity field, the transport and hybrid schemes lead to reconstruction of species densities along the streamlines,
whereas the conservative scheme leads to a reconstruction formula that contains pseudo-compressibility

2 The hybrid scheme becomes identical the conservative scheme in the constant-density limit.
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terms. Moreover, the transport scheme differs from the conservative and hybrid schemes with respect to pres-
sure and velocity formulas.

The numerical behavior of the schemes was examined in the limit of constant density incompressible
flows. It was shown that the reconstruction formulas for the transport scheme become the same with the
corresponding ones for the characteristics-based scheme for constant-density incompressible flows.For
constant density flows the formulas for the hybrid and conservative schemes become identical. They,
however, differ with regard to the original formulas obtained for constant-density incompressible flow.
In effect, the constant-density limit of hybrid/conservative scheme can also be considered as a new version
of the characteristics-based scheme for constant density flows. With regard to the behavior of the schemes
in the limit of constant-density flows, numerical experiments were carried out showing that both hybrid/
conservative and transport schemes provide the same accuracy but differ in terms of convergence (measured
here by the number of multigrid cycles). The multigrid implementation of the above methods as well as
detailed studies to assess their accuracy and efficiency in steady and unsteady variable-density flows are
presented in [57].
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Appendix A

Consider the one-dimensional stencil (equidistant grid in the computational space) and define two states,
left and right, for the intercell variables, as follows

VL{J’+1/2 = (,ZVj — ij—l + CVJ+1 + dvﬁ,g (75)
for the left state, and
Ve =aVj = bV +¢V;+dV;, (76)

for the right state. The coefficients a, b, ¢ and d are determined according to the following procedure:
The derivative of the characteristic variable at the cell center for the case of a positive eigenvalue — the
result will be analogous if a negative eigenvalue is considered — yields

ov
<6—5> =Vijp—Vijp=aV;—=bV, 1 +cV 1 +dV,»
J
= (an,] — ij,z + CVj + deH)(a — C)Vj — (a + b)Vj,1 + ij,z + (C — d)Vj+1 + de+2.
(77)

By developing all variables in a Taylor series expansion around the cell center j, (77) yields

ov
<6_5> = (a=c)V; = (a+b)[V; = VI 4 VO - VO L VO L v, — 2V 4V — VO 4 16V 1)
J

+(c—d)[V;+ VD + VO 4 VO L VO] 1 gV, 4+ 2V 44V 4 8VE) 4 16V, (78)

where the superscripts denote order of derivatives and the denominators in the Taylor series expansion have
been omitted and can be considered to be part of the unknown coefficients which are yet to be determined;
the grid spacing is considered to be equal to one since we are working in the computational space. Eq. (78)
is written as
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@V>:4a—b+a+@ww+k—a+3w+dﬂwﬁ+k+a+7u-wnw”+k—a+1ﬂb+@nmk
J

o¢
(79)

Using (79) schemes of different order of accuracy can be derived.
e First-order upwind scheme for

a=1 and b=c=d=0. (80)

The left and right states of the variables at the cell face are accordingly defined by

Vijt1i2=V;, Vejpip =V (81)
e The second-order scheme is obtained for ¢ =d =0,

a—b=1, (82)

for satisfying the CFL like restriction, i.e., having the coefficient of the first-order derivative equal to one,
and

3b—a=0, (83)

for eliminating the second-order derivative term from (79). From (82) and (83) the values a = 3/2 and
b =1/2 are obtained. The left and right states are accordingly defined by

VL.,j+1/2 = %V; - %Y]—lu (84)
VR,j+l/2 = §Vj+1 - jVj+2~
e The third-order scheme is obtained for d = 0, the CFL-like restriction
a—b+c=1, (85)
and the following conditions for eliminating the second- and third-order derivative terms from (79)
3b—a+c=0,
a+c (86)
a—Th+c=0.

Egs. (85) and (86) give the values @ = 5/6, b = 1/6 and ¢ = 1/3. The left and right states are accordingly
defined
Vi =2V, =iV +1V, (87)
Ve =2V =tV +1V,.
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